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Abstract

In this paper, the film-solid diffusion model (FSDM) combined with a concentration-dependent surface diffusivityDs = D0 exp{k(q/
qsat)} was presented to describe the kinetics of adsorption of reactive dye from aqueous solution onto activated carbon in a batch reactor.
A finite-difference scheme was employed to solve the partial differential equations which govern the entire adsorption process in the
batch reactor and the resulting kinetic data was presented in terms of the concentration decay curve. It was found that, for the investigated
adsorption system, one set of mass transfer parameters was adequate to describe the adsorption rate at different initial solute concentrations.
Compared with the constant surface diffusivity model (CSDM), the concentration-dependent surface diffusivity model (CDSDM) yielded
a steeper solid-phase concentration profile due to the concentration dependence ofDs. Parametric sensitivity analysis was also carried out
in order to facilitate understanding of the effect of each parameter on the shape of the concentration decay curve.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

1.1. The problem considered

The film-solid diffusion model (FSDM) is widely used
to describe the adsorption of aqueous solutions by activated
carbon[1–3]. FSDM assumes a constant surface diffusiv-
ity Ds throughout the entire process of an adsorption oper-
ation. However, the thus-obtainedDs has been found to be
strongly dependent on either the adsorbed phase concentra-
tion corresponding to the initial aqueous concentration or the
adsorbed phase concentration at equilibrium, in both single
[4] and multi-component systems[3]. This implies that the
surface diffusivity changes with the adsorbed phase concen-
tration throughout the entire process of an adsorption oper-
ation, which is not reflected by the FSDM. In order to sim-
ulate the adsorption process more accurately, it is necessary
to incorporate a concentration-dependent surface diffusivity
into the FSDM.

∗ Corresponding author. Present address: Department of Mechanical
and Chemical Engineering, Heriot-Watt University, Edinburgh EH14 4AS,
UK. Tel.: +44-131-449-5111-4737; fax:+44-131-451-3129.
E-mail address: x.yang@hw.ac.uk (X. Yang).

Different modelling approaches to the dependence of sur-
face diffusivity on concentration are available. Some of them
were reviewed by Kapoor et al.[5]. In the following para-
graphs, the most commonly used modelling methods are
explained and compared, for the purpose of selecting the
suitable concentration-dependent surface diffusivity model
(CDSDM) which would be incorporated into the FSDM in
this work.

1.1.1. The Arrhenius equation
As for chemical reaction, the Arrhenius equation, when

applied to the activation process of surface diffusion, con-
stituted a fundamental requirement for the study of temper-
ature dependence ofDs [5,6]:

Ds = Ds0exp

(
− Es

RgT

)
(1)

whereDs0 (cm2/s) is the frequency factor or pre-exponential
factor of the surface diffusion at zero surface coverage,Es
(kJ/mol) the activation energy of surface diffusion process,
Rg (kJ/(mol K)) the ideal gas constant andT (K) is the tem-
perature. However,Eq. (1) can also be used to study the
concentration dependence ofDs via the activation energy of
surface diffusion,Es.
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Nomenclature

as Fritz–Schlünder isotherm
parameter (mg/l)−b2

b1, b2 Fritz–Schlünder isotherm parameters
Bi Biot number (kf RC0/(ρsD0q0))
C liquid-phase concentration (mg/l)
C0 initial liquid-phase concentration (mg/l)
Cs liquid-phase concentration at outer surface

of carbon particles (mg/l)
D0 surface diffusivity at zero surface

coverage (cm2/s)
Ds surface diffusivity (cm2/s)
Ds0 frequency factor of the surface diffusion

at zero surface coverage (cm2/s)
DC dimensionless liquid-phase concentration
E dimensionless quantities (1/asC

b2
0 )

Es activation energy (kJ/mol)
�Hst isosteric heat of adsorption (kJ/mol)
k parameter defined inEq. (4)
kf external liquid film mass transfer

coefficient (cm/s)
ks Fritz–Schlünder isotherm parameter

(mg/g) (mg/l)−b1

K dimensionless quantity (kq0/qsat)
q solid-phase concentration (mg/g)
q0 solid-phase concentration in equilibrium

with C0
qs solid-phase concentration at outer surface

of carbon particles (mg/g)
qsat solid-phase concentration

at surface saturation
Q dimensionless solid-phase

concentration (q/q0)
r radial position inside the particle (cm)
R adsorbent particle radius (cm)
Rg ideal gas constant (kJ/(mol K))
S separation factor (3Wq0/(VC0))
t time (s)
T temperature (K)
V liquid-phase volume (l)
W mass of activated carbon (g)

Greek letters
τ dimensionless time (D0t/R

2)
ρ dimensionless radial position inside

the particle (r/R)
ρs carbon particle density (g/cm3)

Gilliland et al. [7] correlatedEs with the heat of ad-
sorption (−�Hst) (kJ/mol) by introducing a proportionality
constantφ, so thatEs = φ(−�Hst). They also indicated
that the concentration dependence ofDs could be attributed
to the change in the heat of adsorption (−�Hst) due in
turn to the change in surface loadingq (mg/g). Neretnieks

[8] further assumed a linear relationship between�Hst
and q at constant temperature, and obtained the following
equation:

Ds = D0 exp

{
k

(
q

qsat

)}
(2)

where

D0 = Ds0exp

(
φ�H0

RgT

)
(3)

k = φ(�Hsat− �H0)

RgT
(4)

�H0 is the enthalpy change of adsorption atq = 0, and
�Hsat the enthalpy change of adsorption at saturated state
q = qsat.

The conversion ofEq. (1) to Eq. (2) has two effects: (i)
changing the explicit temperature dependence ofDs to an
implicit one and (ii) changing the implicit concentration de-
pendence ofDs to an explicit one. InEq. (2), the depen-
dence ofDs on temperature is hidden in the expressions of
D0 and k. At constant temperature, it is expected that the
surface diffusivities can be correlated with the solid-phase
concentrations by using a unique pair ofD0 andk.

Eq. (2) proved to be effective in describing the relation-
ship betweenDs and q corresponding to the initial solute
concentration or to the equilibrium solute concentration in
chlorophenol/activated carbon[4] and dye/activated carbon
[3] systems.

1.1.2. Higashi-Ito-Oishi (HIO) model
Based on a random walk of molecules from adsorption

site to adsorption site on the solid surface, Higashi et al.
[9] proposed the HIO model, as represented byEq. (5), to
correlateDs directly with the fractional surface coverageθ:

Ds = D0

1 − θ
(5)

Kapoor and Yang[10] combinedEq. (5)with the pore and
surface diffusion model, and compared the result with that
from the same model at constant surface diffusivity. They
found that employing the concentration-dependent surface
diffusivity yielded a higher rate of uptake during adsorption.
Hu et al.[11] compared the surface diffusivities derived from
the adsorption study of benzene in ink-bottle-like MCM-41
with the HIO prediction. Fair agreement between the two at
298 K was observed.

1.1.3. Chemical potential driving force approach
The chemical potential driving force of adsorption has

also been used to derive the concentration dependence ofDs
[6,12]. According to this approach,Ds at a certain amount
adsorbed, can be expressed on the basis of the surface dif-
fusivity at zero surface coverage,D0, as follows:

Ds = D0

(
d lnc

d lnq

)
(6)
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wherec is the gas/liquid-phase concentration in equilibrium
with the solid-phase concentration,q.

In Eqs. (5) and (6), the temperature dependence ofDs
is hidden inD0, which in turn, can be expressed by the
Arrhenius equation, as follows:

D0 = Ds0exp

(−Es0

RgT

)
(7)

whereEs0 is the activation energy of adsorption atq = 0.
Miyabe and Takeuchi[6] proposed a restricted molecular

diffusion model (RMDM) for the activation process of sur-
face diffusion, on the basis of the two-step theory postulated
by Komiyama and Smith[13]. According to the RMDM, the
surface diffusivity at zero surface coverage of an adsorbate,
D0, can be derived as follows:

D0 = Ds0exp

{−(Em + φ(−�Hst))

RgT

}
(8)

where Em (kJ/mol) is the activation energy of molecular
diffusion of the adsorbate.

Theoretically,�Hst in Eq. (8) is the enthalpy change of
adsorption atq = 0, it should be independent of the change
in solid-phase concentrationq during the adsorption process.
However, Miyabe and Takeuchi[6] neglected the fact and re-
garded�Hst in Eq. (8)as corresponding to a certain amount
adsorbed,q (0 ≤ q ≤ qsat). They also correlated�Hst with
qst, the isosteric heat of adsorption corresponding to the
saturated concentration of the adsorbate in the bulk phase
and, the adsorption potentialEap (kJ/mol) which changes
with q:

�Hst = qst − Eap (9)

By combining Eqs. (6), (8) and (9):

Ds(q, T) = Ds0

(
d lnc

d lnq

)
exp

{−(Em + β(−qst + Eap))

RgT

}
(10)

Eq. (10)was applied to the analysis of surface diffusion
phenomena in various adsorption systems and it provided
a consistent explanation of the dependence ofDs on both
temperature and the amount adsorbed[6].

1.1.4. Comparison of the concentration-dependent surface
diffusivity models

Although Eq. (10)seems to be the most comprehensive
expression of the factors which influenceDs, such as tem-
perature, the amount adsorbed, and the adsorptive interac-
tion between adsorbate molecules and the surface of adsor-
bents, its inherent complexity hinders its usage in compli-
cated mass transfer models. At best,Eq. (10)can be reduced
to the following equation when assuming a linear relation-
ship betweenEap andq:

Ds = D′
s0

(
d lnc

d lnq

)
exp(k′q) (11)

whereD′
s0 andk′ are two constants at a prescribed temper-

ature.
Eq. (11)still has a more complex form thanEq. (2). From

a numerical point of view, involvingEq. (11) in any com-
plicated mass transfer model will be much more costly than
involving Eq. (2) in terms of code development time and
computational time. Thus, the advantage ofEq. (11)lies in
its ability to interpret experimental results, but not in the
numerical prediction of adsorption process.

With regard toEqs. (5) and (6), Eq. (5) has an intrin-
sic disadvantage, which isDs would become infinite at full
surface coverage. The application ofEq. (6) is restricted to
non-Freündlich-type adsorption, as(d lnc/d lnq) does not
vary in Freündlich-type adsorption, thus the concentration
dependence ofDs could not be represented under such cir-
cumstances.

Eq. (2)does not have any of the disadvantages mentioned
above. Therefore,Eq. (2)was incorporated into the FSDM
in this work. In the following discussion, the combination of
Eq. (2)and FSDM was called the concentration-dependent
surface diffusivity model (CDSDM). In the CDSDM, when
assumingk = 0 in Eq. (2), Ds would become constant and
the CDSDM would simplify to the constant surface diffusiv-
ity model (CSDM). Thus, comparison between CDSDM and
CSDM predictions can be carried out without extra coding.

It is worth mentioning that CDSDM is superior to other
adsorption models which employ a constant surface diffu-
sivity over the entire adsorption process (e.g. the combined
pore-surface diffusion model). This is because the latter do
not reflect the fact that the value ofDs does not remain
constant during an adsorption process but increases contin-
uously with time until equilibrium is reached.

1.2. Outline of the present contribution

Chatzopoulos et al.[14] combined Eq. (2) with the
film-solid diffusion model in their study of toluene ad-
sorption on activated carbon, although no analysis of the
advantage ofEq. (2)over other models was made. The or-
thogonal collocation method (OCM) was then employed to
solve the partial differential equations. They succeeded in
fitting the adsorption rates in a batch reactor under a variety
of operating conditions with a singleD0 and k defined in
Eq. (2).

In this paper, the film-solid diffusion model incorporat-
ing the same variable solid diffusivity was solved with a
finite-difference scheme. The advantage of such a scheme
and the detailed numerical development of the model are
given in Section 3, following the equations presented in
Section 2. Features of the batch experiment, which was used
to validate the model, are described inSection 4. Results
and discussion are contained inSection 5. In Section 6, con-
clusions are made from the results and discussion.

It should be noted that a reactive dye/activated carbon ad-
sorption system had been selected for the experiment. This
was mainly due to the following factors: (i) reactive dyes
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are among the most often found components in dyehouse
wastewater, and adsorption by activated carbon is commonly
used as a finishing step where low concentration of dyes
can be removed during dyehouse wastewater treatment[15].
Thus the study of the surface diffusion behaviour of reac-
tive dye on activated carbon has its practical significance;
(ii) reactive dye has a much different molecular size and
structure from that of toluene. The successful application of
the CDSDM to the adsorption of reactive dye will further
validate the concentration dependence of surface diffusivity
represented byEq. (2).

2. Theoretical model

According to the FSDM, adsorption would take place
by external mass transfer across the boundary layer, fol-
lowed by surface diffusion to the sorption sites, where ad-
sorbate molecules would be rapidly taken up. Surface dif-
fusion would be assumed to occur by the surface hopping
mechanism. Adsorbate molecules would diffuse within the
adsorbent particles by surface migration from one site to
another on the outer surface and the pore walls. Due to its
advantages mentioned inSection 1.1, Eq. (2) was selected
and incorporated in the FSDM to represent the concentra-
tion dependence ofDs on surface loadingq.

The fundamental equations for the kinetics of the adsorp-
tion process in a batch reactor are as follows:

(1) Liquid-phase mass balance

V
dC

dt
= − 3W

ρsR
kf (C − Cs) (12)

Initial condition:

t = 0, C = C0 (13)

(2) Solute diffusion inside a spherical adsorbent particle

∂q

∂t
= D0

r2

∂

∂r

[
r2 exp

{
k

(
q

qsat

)}
∂q

∂r

]
(14)

Initial condition:

t = 0, 0 ≤ r ≤ R, q = 0 (15)

Boundary condition:

t > 0,
∂q

∂r

∣∣∣∣
r=0

= 0 (16)

D0ρs exp

{
k

(
q

qsat

)}
∂q

∂r

∣∣∣∣
r=R

= kf (C − Cs) (17)

(3) Equilibrium at the solid–liquid interphase, which is de-
scribed by the Fritz–Schlünder isotherm:

qs = ksC
b1
s

1 + asCb2
s

(18)

Using the dimensionless quantities,

DC = C

C0
, DCs = Cs

C0
, Q = q

q0
, Qsat = qsat

q0
,

ρ = r

R
, τ = D0t

R2
, Bi = kf RC0

ρsD0q0
, S = 3Wq0

VC0
,

E = 1

asC
b2
0

, K = kq0

qsat

Eqs. (12)–(18)can be reduced to the following dimen-
sionless form:

d(DC)

dτ
= −S Bi(DC − DCs) (19)

τ = 0, DC = 1 (20)

∂Q

∂τ
= 1

ρ2

∂

∂ρ

{
ρ2 exp(KQ)

∂Q

∂ρ

}
(21)

τ = 0, 0 ≤ ρ ≤ 1, Q = 0 (22)

τ > 0,
∂Q

∂ρ

∣∣∣∣
ρ=0

= 0 (23)

exp(KQ)
∂Q

∂ρ

∣∣∣∣
ρ=1

= Bi(DC − DCs) (24)

Qs = DCb1
s (1 + E)

DCb2
s + E

(25)

3. Development of numerical solution

3.1. Numerical development of the model

Eqs. (19)–(25)cannot be solved analytically. However, a
corresponding numerical solution can be obtained by nu-
merical techniques such as orthogonal collocation method
(OCM) and finite-difference method (FDM). Chatzopoulos
et al.[14] employed the OCM to solve these equations. Nev-
ertheless, OCM is not the best method to solve problems of
this type since, for a given choice of Jacobi polynomials,
the discretization along the radial direction is determined
exclusively by the number of collocation points[16]. Gen-
erally speaking, the FDM has two main advantages over the
OCM for the problem being investigated: (i) FDM is easier
to code than OCM; (ii) the solution of FDM is much more
stable than that of OCM.

In both the film-solid diffusion model with a constant
Ds [1] and the branched pore kinetic model[17,18], the
internal mass transfer rates were expressed in terms of a
linear partial differential equation of second order in two
independent variables (timet and positionr). In the case of
the concentration-dependent surface diffusivity model, the
partial differential equationEq. (21) is non-linear. As it is
impossible to construct a fully implicit scheme, the problem
has to be dealt with using an iterative technique. An initial
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guess is made for the solution (usually that from the previous
step) and its deviation from the true solution�Q is taken
to be small. The linearised equations are solved andQ →
Q+�Q. If this new iterate is the true solution then�Q = 0
and the solution will have converged, or at least|�Q/Q| ≤
ε for all ρ, whereε is the criterion for convergence of the
computation. In this study,ε was set to be equal to 10−5.

The detailed numerical approach for this problem is as
follows.

The two-dimensional space (timeτ and positionρ) is
meshed with time step�τ and distance step�ρ. The grid
point is labelled as (n, m) with integern corresponding to
time n�τ (n ≤ 0) and integerm corresponding to the posi-
tion m�ρ (0 ≤ m ≤ M, M�ρ = 1). The converged solu-
tion Q at timen�τ and positionm�ρ are denoted asQn

m.
Suppose the solution forQ is known at the time leveln�τ,

Q
g
m represents the first approximate toQn+1

m . As mentioned
above,Qg

m = Qn
m can be taken orQg

m = Qn
m+(Qn

m−Qn−1
m )

can be taken to slightly speed up the convergence. The term
�Qm represents the difference betweenQn+1

m andQg
m, thus

Qn+1
m = Qg

m + �Qm (26)

Applying the forward difference method toEqs. (19)–(24)
for temporal derivatives and introducingEq. (26) into the
same set of equations, the following equation is obtained:{
(�ρ)2 exp(−KQg

0)

�τ
+ 2K(Qg

1 − Q
g

0) + 6

}
�Q0

−{2K(Qg

1 − Q
g

0) + 6}�Q1

= −exp(−KQg

0)

{
(�ρ)2(Q

g

0 − Qn
0)

�τ

}
+ K(Q

g

1 − Q
g

0)
2

+6(Qg

1 − Q
g

0), m = 0 (27)

−�Qm−1 +
{
(�ρ)2

�τ
exp(−KQg

m) + 2 + 2m

m

+ 2K(Qg

m+1 − Qg
m)

}
�Qm

−
{

2 + m + 2Km(Qg

m+1 − Q
g
m)

m

}
�Qm+1

= −exp(−KQg
m)(Q

g
m − Qn

m)
(�ρ)2

�τ
+ 2(Qg

m+1 − Q
g
m)

m

+K(Q
g

m+1 − Qg
m)

2 + (Qn
m+1 − 2Qn

m + Qn
m−1),

1 ≤ m ≤ M − 1 (28)

exp(KQg
M)(�QM − �QM−1) = �ρBi(DCn+1 − DCn+1

s )

− exp(KQg
M)(Q

g
M − Q

g

M−1), m = M (29)

Eq. (28)is a general expression derived fromEq. (21)for
1 ≤ m ≤ M − 1. Whenm = 0, this equation is no longer
valid and the condition∂Q/∂ρ|ρ=0 = 0 is thus used and
Eq. (27)is derived.Eq. (29)follows directly fromEq. (24).

Applying Crank–Nicolson approach toEq. (19)yields the
following equation:

DCn+1 = (1 − SB)DCn + SB(DCn+1
s + DCn

s)

1 + SB

where SB= S · Bi · �τ
2

(30)

Eqs. (27)–(30)can be conveniently written in matrix form

A·
−−→
�Q= �b and then solved iteratively.

3.2. Program outline

A Fortran 90 program has been developed to solve the
above problem. First, the program reads the various input
data from a data file, secondly, the banded coefficient matrix
A is transformed so that it can be factorised using NAG sub-
routine F07BDF, and then the matrix equation is solved by
NAG subroutine F07BEF. There are two main loops in the
calculation: (1) first input an estimated vectorQ

g
m and an es-

timated value for (DCn+1−DCn+1
s ). The program will solve

the matrix equation iteratively until|�Q/Q| ≤ 10−5; (2)
when (1) is satisfied, the program will calculate DCn+1

s by
Eq. (25)and consequently DCn+1 by Eq. (30), if the differ-
ence between the calculated(DCn+1−DCn+1

s ) and the esti-
mated(DCn+1 − DCn+1

s ) is larger than the set requirement,
the calculated(DCn+1 −DCn+1

s ) will substitute the original
one and the computation repeats until the requirement for
the difference is satisfied. The program output provides the
experimental and theoretical concentration decay curves.

4. Experimental

4.1. Materials

Activated carbon Filtrasorb-400 (F-400) from Calgon
Carbon was used as adsorbent for the present work. Reac-
tive Navy (Ciba Geigy), a reactive dye that is frequently
used in the textile industry, was selected as adsorbate. Phys-
ical properties of this kind of dye are well cited in literature
[15,19].

4.2. Equilibrium and kinetics study

Both the equilibrium study and the kinetics study were
carried out at 298 K.

Equilibrium study was conducted by bringing a series of
aqueous solutions of Reactive Navy into contact with certain
amounts of carbon for a long enough time.

The effect of initial concentrations on the adsorption of
Reactive Navy onto F-400 was investigated in an agitated
tank. Five runs of the experiment were carried out, with
the initial dye concentration ranging from 13.2 to 163 mg/l.
For each run, the solution volume was 2.5 l, the agitation
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speed was maintained constant at 400 rpm, the mass of ac-
tivated carbon was 7.5 g, and the average particle diameter
is 0.0536 cm. A more detailed description of the experiment
can be found in[18].

5. Results and discussion

5.1. Equilibrium isotherm

The optimum values of the parameters employed in the
Fritz–Schlünder isotherm (Eq. (18)) were obtained by fitting
the model prediction to the experimental solid-phase equi-
librium concentrations. The thus-obtained parameter values
were:

ks = 9.23(mg/g) (mg/l)−b1, as = 0.180(mg/l)−b2,

b1 = 0.717, b2 = 0.639

More information on the equilibrium isotherm can be
found in [18].

5.2. Production of the theoretical concentration decay
curves

In the CDSDM, there are three major parameters, namely,
kf (cm/s) the external mass transfer coefficient,D0 (cm2/s)
the surface diffusivity at zero surface loading andk, the pa-
rameter defined inEq. (4). The shape of the theoretical con-
centration decay curves results from the non-linear combi-
nation of the three mass transfer parameters.

As all the runs of the experiment were conducted under the
same hydrodynamics condition, and the initial concentration
range employed is narrow, it is expected that the respective
external mass transfer coefficientkf for all the runs would
be the same. Meanwhile, a pair ofD0 andk is supposed to
be able to describe the intraparticle diffusion at any
solid-phase concentration. Thus in this paper, one set of the
three above mentioned mass transfer parameters should be
adequate in describing all the experimental data.

The best-fit values ofkf , D0 and k were determined by
minimising the root mean square of the normalised residuals
between the experimental liquid-phase concentrationCexp
and the model predictionCcal for all experimental data (ab-
breviated as RMSA).

RMSA =

√√√√∑Nrun
i=1

∑Npt,i
j=1 (1 − Ccal,ij/Cexp,ij)2∑Nrun

i=1 Npt,i
(31)

whereNrun is the number of experimental curves,Npt,i is
the number of points on theith experimental curve. In this
work, Nrun = 5 andNpt,i = 17 (i = 1,2, . . . Nrun).

An effective and easy-to-use NAG subroutine E04JAF has
been employed to carry out the searching process. E04JAF
requires input of the starting values of the three parame-
ters and their corresponding upper and lower bounds. The

Table 1
The estimatedkf values at different initial concentrations of Reactive Navy

Initial concentration (mg/l) Estimatedkf from the initial slope
method (cm/s)

13.2 4.9E−4
43.3 3.4E−4
76.1 1.3E−4

106 1.1E−4
163 1.8E−4

Mean value 2.5E−4

starting value ofkf was obtained as follows: at each initial
concentration, an external mass transfer coefficient was esti-
mated by the initial slope method[20], as shown inTable 1;
the mean value of these estimated external mass transfer co-
efficients was then taken as the starting value ofkf . For D0
andk, data from literature[14,18]were used as guideline to
decide their starting values. The starting values were then
adjusted automatically during curve fitting until a minimum
RMSA value was found.

For the Reactive Navy/F-400 system, the mass transfer
parameters thus obtained werekf = 5.0E−4 cm/s,D0 =
1.20E−11 cm2/s andk = 3.0 with RMSA = 4.07%.Fig. 1
compares the experimental concentration decay curves with
the CDSDM predictions. FromFig. 1 and the low RMSA
value, it can be concluded that the fitting between the ex-
perimental data and the model predictions is satisfactory.

Based on the best-fit parameter values for Reactive
Navy/F-400 system, the surface diffusivityDs at surface
saturation (q = qsat) was about 20 times of the surface dif-
fusivity at q = 0, indicating a strong dependence ofDs on
surface loading.

In the adsorption of toluene onto F-300 activated carbon
[14], the mass transfer coefficient that could best describe
adsorption kinetics were found to beD0 = 3.59E−9 cm2/s,
k = 5.09.

Fig. 1. Experimental rate curves and model fit by CDSDM for Reactive
Navy/F-400 system in a batch reactor.
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Fig. 2. Experimental rate curve and model fit by CSDM atkf = 5.0E−4 cm/s,Ds = 4.25E−11 cm2/s.

The larger values ofD0 and k for toluene indicate that
toluene is a faster diffuser than Reactive Navy, and its dif-
fusion rate is more sensitive towards changes in solid-phase
loading than Reactive Navy. This is expected, as the molec-
ular size and molecular weight of Reactive Navy is much
larger than that of toluene. Thus, Reactive Navy possesses
bigger inertia, which limits its diffusion and makes it less
sensitive towards changes in solid-phase concentration.
Also, due to its complex structure, Reactive Navy has a
more interactive nature, hence it is more strongly adsorbed
and therefore has a slower diffusivity.

The concentration dependence ofDs can be explained by
the energetic heterogeneity of the surface or the thermody-
namic non-ideality of the amount adsorbed, the increase in
the mean free path of surface diffusion with surface loading
and the lateral interactions among the adsorbed molecules at
high surface coverage[5,14,21]. Among them, the energetic
heterogeneity of the surface would be the most important
factor.

In adsorption, the surface heterogeneity would mean dif-
ferent adsorption sites hold different amount of adsorption
energy. From thermodynamic point of view, the first sites
on a surface to be occupied would be those which attract
adsorbate molecules most strongly and with the greatest re-
lease of energy, then adsorption would take place on those
energetically weaker sites[22]. As the surface loading in-
creased, the surface-adsorbate interactions for the newly ad-
sorbed molecules would become gradually weaker, and the
activation energy for surface diffusion would decrease, thus
these molecules would be able to move more freely on the
surface, resulting in a higher surface flux.

5.3. Comparison of CDSDM and CSDM

As mentioned earlier, when the value ofk was zero in
the CDSDM, the model was reduced to the constant surface

diffusivity model. It was noticed that CSDM could yield the
same concentration decay curve provided the mass transfer
parameters were chosen carefully.Fig. 2shows the theoreti-
cal concentration decay curve forC0 = 106 mg/l by CSDM
at kf = 5.0E−4 cm/s,Ds = 4.25E−11 cm2/s. Good agree-
ment between the experimental data and the model fit can
be observed.

However the use of these two mass transfer parameters
failed to describe satisfactorily the adsorption rates at other
initial solute concentrations, as shown inTable 2 by the
root mean square of the normalised residuals between the
experimental liquid-phase concentrationCexp and the model
predictionCcal for a single run of experiment (abbreviated
as RMSS).

RMSS =

√√√√√ 1

Npt,i

Npt,i∑
j=1

(
1 − Ccal,ij

Cexp,ij

)2

(i = 1,2, . . . , Nrun)

(32)

Despite the consistency between the predicted concentra-
tion decay curves atC0 = 106 mg/l by both CDSDM and
CSDM, there exists much difference in the solid-phase con-
centration profile produced by the two models.Fig. 3 com-
pares the solid-phase concentration profile by the two mod-
els at timet = 1799 min andt = 5397 min.

Table 2
RMSS values corresponding to the fitting by CDSDM and CSDM

Initial concentration (mg/l) RMSS (%)

CDSDM CSDM

13.2 7.32 19.7
43.3 2.12 9.45
76.1 4.02 6.22

106 0.812 0.885
163 2.79 3.98
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Fig. 3. Comparison of solid-phase concentration profile yielded by different model; CDSDM by solid line. CSDM by dashed line.

It could be observed fromFig. 3 that, near the particle
surface, the solid-phase concentration profiles corresponding
to the CDSDM were higher than that corresponding to the
CSDM, and it was the other way around near the centre of the
particle. The similar phenomenon was reported by Kapoor
and Yang[10], and it was contributed to the concentration
dependence ofDs.

From the mathematical point of view, the shape ofq ver-
sus r curve at the outer surface of the particle would be
determined by the boundary condition there.

In the CDSDM, the boundary condition represented by
Eq. (17)can be rewritten as:

∂q

∂r

∣∣∣∣
r=R

= kf (C − Cs)

D0ρs exp{k(q/qsat)}r=R

(33)

The counterpart ofEq. (33)in CSDM is:

∂q

∂r

∣∣∣∣
r=R

= kf (C − Cs)

Dsρs
(34)

According to the liquid-phase mass transfer equation rep-
resented byEq. (12), if the two models at their respective
mass transfer parameters could produce the sameC versus
t curves, the value ofkf (C−Cs) for the two models should
be equivalent at any time. In the case thatkf are identical,
Cs and qs will also be the same. The values ofDs at the
outer surface of adsorbent particle in the CDSDM (given by
D0 exp{k(q/qsat)}) were calculated to be 6.48E−11 cm2/s at
t = 1799 min and 5.63E−11 cm2/s at t = 5397 min. These
values were larger than 4.25E−11 cm2/s, the surface dif-
fusivity value at the outer surface of adsorbent particle in
the CSDM. Thus(∂q/∂r)r=R corresponding to the CDSDM
would be smaller than that corresponding to the CSDM. As
(∂q/∂r)r=R represented the slope of the solid-phase con-
centration profile at the outer surface of particle, a smaller

(∂q/∂r)r=R implied a flatter curve near the outer surface of
the particle. Therefore the solid-phase concentration for the
CDSDM at the outer surface of the particle is higher than
that for the CSDM.

On the other hand, near the centre of the particle, as
the solid-phase concentration would be very low, the sur-
face diffusivity Ds = D0 exp{k(q/qsat)} was less than
4.25E−11 cm2/s, thus the flux in correspondence to the
CSDM will be higher than that in correspondence to the
CDSDM.

Whether a steeper solid-phase concentration profile is a
better representative of the true system is still unclear. The
very few researches on experimental observation of the evo-
lution of the surface concentration profile includes that of
Spahn and Schlünder[20]. They monitored the adsorption
of C14-labelled phenylacetic acid onto activated carbon, and
concluded that the solid-phase concentration profile was in-
deed quite sharp.

Despite inadequate experimental proof of the steep
solid-phase concentration profile, CDSDM has succeeded
in describing the dependence of surface diffusivity on
solid-phase concentrations by one set of mass transfer co-
efficient (D0 andk), in both toluene/F-300 system[14] and
Reactive Navy/F-400 system. This indicates a promising
applicability of CDSDM, as Reactive Navy and toluene are
very much dissimilar in terms of molecular size, molecular
weight and polarity, etc.

5.4. Parametric sensitivity analysis

Parametric sensitivity analysis is a very useful tool in nu-
merical study. In this work, it can be used to study the effects
of various variables on the shapes of the overall concentra-
tion decay curve and the intraparticle concentration profile.
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Fig. 4. Parametric sensitivity analysis; effect ofkf on the concentration decay curves.

This has two different significances. First, the parametric
sensitivity analysis towards the model parameters can indi-
cate which model parameter affects the concentration decay
curve to what extent, and in which way. Such information
can be used to decide what is the rate-controlling step; it
can also help speed up the curve-fitting process and the de-
termination of the model parameters if the “trial-and-error”
method is used to search for the best-fit parameters. Second,
the parametric sensitivity analysis towards variables repre-
senting the operating conditions (e.g. the initial concentra-
tion) can be used to study how these changes affect the ad-
sorption performance.

Fig. 5. Parametric sensitivity analysis; effect ofD0 on the concentration decay curves.

Parametric sensitivity analysis is normally performed by
choosing a standard value for the parameter and then study-
ing the effect caused by changes in the parameter value.
In this paper, the standard parameter values employed are
those which yielded the best-fit to the experimental data,
i.e. kf = 5.0E−4 cm/s,D0 = 1.20E−11 cm2/s andk = 3.0.
The sensitivity analysis was then carried out by changing
each parameter by±60%, respectively, while keeping the
other two parameters unchanged.

Figs. 4–6display the patterns in which the concentration
decay curves vary with each mass transfer parameter, re-
spectively.
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Fig. 6. Parametric sensitivity analysis; effect ofk on the concentration decay curves.

Figs. 4–6show that, increasing or decreasingkf by up
to 60% failed to bring noticeable change in the concentra-
tion decay curve, while it shows high sensitivity towards the
same percentage changes inD0 andk. The following con-
clusions can be drawn from this observation: (i) between
the film diffusion and the surface diffusion, the latter is the
rate-controlling step during adsorption; (ii) the accuracy of
the best-fitkf value by curve fitting is not very high. How-
ever, as can be seen fromTable 1, the best-fitkf value
(5.0E−4 cm/s) has the same order of magnitude as those es-
timated from the initial slope method. This implies that the
best-fitkf value by curve fitting is physically plausible and
thus acceptable. A more accuratekf value should be obtained
from an independent experiment for the investigated system;
(iii) the high sensitivity of the concentration decay curve to-
wardsD0 andk implies that the accuracy of the best-fitD0
andk values is high. It also indicates that there is a strong
interdependency betweenD0 and k, because they have to
be selected simultaneously in order to obtain the best-fitting
curve. This is understandable, as can be seen fromEqs. (3)
and (4), thatD0 andk are related viaφ and�H0 at a specific
temperatureT.

6. Conclusions

The film-solid diffusion model incorporating a concentra-
tion-dependent surface diffusivity represented byEq. (2)was
solved numerically with a finite-difference scheme. It could
provide theoretical concentration decay curves for both the
variant surface diffusivity model (k �= 0) and the constant
surface diffusivity model (k = 0).

The use of the film-solid diffusion model together with the
concentration-dependent surface diffusivity has been found

to give satisfactory predictions for the reactive dye/F-400 ad-
sorption system. The intraparticle mass transfer coefficients
(D0 andk) obtained for such a system indicated a strong de-
pendence ofDs onq. The present study has provided further
validity of the concentration dependence ofDs represented
by Eq. (2).

Parametric sensitivity analysis showed that the adsorp-
tion kinetic curve was very sensitive towards the intraparti-
cle diffusion parametersD0 and k, demonstrating that the
intraparticle diffusion is the rate-controlling step during ad-
sorption.
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